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1
.

An Important Special Case
mm

An important special case of the

general discussion from the previous
lecture is 14 - Theory on

M "3×C×¢× Re

XQ' 33 ×6+i×i° × 4+1×5×78,9

X '°~Xl0t2t

ds ? dxndgu

+¢dx65+Mdx'
5) + [ ( dxi )2

××4ti5

all @↳ xbtix "
:= s

×7 ,8,9%012, F = 0

We fallow an important paper of Witten :

hep -14/9703166 and consider a system of K M5

branes with Wg = IM "3xC at 1145249
= o

together with ( nti ) transverse singly - wrapped 145 's
.



(§h##)ki
145

wraps a halo morphic come :

vk IIH- ta )

t= e- K6ti×'° )
e ¢*

v=§4tix5)/p
LEET is a &,o ) theory on

M "3×(T*%e
- section

But with codimension 2 defeats at t.to
.

nwehjtadidthekedotiitdtiiefsemtf.fi



To answer this question we reduce on

the M - theory circle and get a

Configuration of brakes

T×y+;s
← ° ← 1 x= y

'

÷*##e?sNs5Ns5t
At long distances > > ( x ! - x[

, )
The 4D effective gauge theory is a

quiver gauge theory :

• In each interval [x6*X!+
, ] the

D4 's
give a UCK ) gauge theory : See below

.

• There are bifndamental hypermultiplet
across each NS5

• K fundamentals tom strings @ end



Standard notation :

€i← . :-#
# At

The Coulomb branch vacua of this

they is defined by deformations of

the above singular curve that do

not change asymptotic @ A

I :{ Hv) 1 FAN ) =o }
< (

Gtiio

× €4,5 € T*(

Flat . vk.IT#t.).+EIp..avkt
K roots in V = 1€sheets of

the Utek gauge theory as the D4 's



separate onto their Coolants branches

For generic p ; just one root

goes
to a at

t÷ pftx )

v*a~t'#¥TEyD " "

Also for ×•→ to # 8

We should just have K roots ⇒

degcpi) anti =) Can also write

Fltiv ) = Eto Et
"

qdv ) degcqx )=K

Roots of
goal : Roots in v for t.su

Have interpretation of fondameutal string

masses.ge#aEEeoien
- Frings



Let us understand the origin and nature

of the UCK ) gauge theory factors better
.

Focus on one

interval*
K D4 branes

Xin
- l

x

In the LEET the theory on the D4 's is

3+1 dimensional if we look at length scales >>

XS - XS
. , ,

The DD strings inside each

intend gives a separate UCK ) SYM
.

The Coulomb branch is obtained by the

supersymmetric tome configuration :



* :#uk -

Now naive reduction  of the action for DY

on Wy = M "× [ ×⇐a,
,

I ] gives

EtEEH¥*t÷E,*r
- t.fr#here

Mln

@ ¥
.

= ×£'±~Re§.

- £
. , )Gstr .

( Recall garlsw = R )

Now halomwphy dictates ( Restoring factors of
2nd it we were not

Careful about above )
- in

,
= - ir@I+4gtIn ) = S

.

- Sa
,



Actually this is slightly crude
.

The picture
y×¥ix5

n¥ihis
only accurate at large scale

. Intact tee

endpoint of the DY defines a source for the

theory on the NS5 and (
72×6

= 8C . - . ) FoyleK M5 !
so

×6= [ loge-9 ' )
tai

Puttogether with ¥~×¥6i
TM qtr .

This is
a

geometnizatim of the f function

equation . Taking into account the D4 's

from both sides gives :



¥:cI
'

t
K K

x
'

= Elogf. vi
'

) - [ logic. up
. ' )

i= 1 is 1as
✓ - a the

coupling approaches a

finite limit and that is the
way

we

Should interpret equation @

=

In
any case we should interpret the

weak coupling limit ltyta
, )→o

This is a particular region of the

Complex structure moduli
space of

( EP :{ as } ) - { ti
,

. .
. ,tu }



Thus a weak coupling limit is associated

with a particular degeneration of

complex Structure of

xix
There are many ways

to
arrange

the

points to
,

. - .

,
t

,n
: These will correspond

to S - dual pictures of the same QFT
.

Computing scalars KE ⇒ 3 = vd¥

Now from the nature of the roots

of F ( t ,v ) we can deduce the behavior

of the Higgs field :

yew It
.

(
"

a :o)to roots ofaendtt(
" "

in;D¥i÷roots of

ex - d÷ (
" ÷

.

.ua#E



We can do a similar exercise with

a 4D quiver gauge theory :

@ - @ -  - - - .

 - @
I ITI Id #

f function at ath note is a positive multiple of

-2kt 't
.

,+K←,+d . = o (
paoinnithtneeeiehhdis

that we must

T study halomophic
A .F Curves in TN

Get more general punctures ⇐
inIdt + .

.
. -

z Cr ) = ftp.UCFP partition of K

A good way
to encode this data

is in terms of
p : set ) → SKK )

because that generalizes .

We also get irregular singular points

typical for asymptotically free theories
. )



2
.

General Description Of Punctures
nm

More generally ,
it is thought that

there are 1£ BPS codimension two defeat

⇐
I

in the ( 2,0 ) theory .

So they are 4 .
din't objects

that modify correlation functions -

like boundary conditions
. They

are only
characterized rather

indirectly :

Recall that SCG )/ skgsk
.

is N=4 d=4 SYM



So we consider S@y ] on

M "2xS'
r

, ? '

Rz

Reduction along Sk
,

is described

at long distance by 5D SYM

on M "2xSk
,

×R+

Reducing along Sk
, gives D= 4 ,N±4

SYM

%Mysay
The defeat is

"
defined

"

by
The requirement

that the boundary
Conditions on

3 of 6 scalars are NP :

xi ~ P¥+.
. .

y



One can then
argue

that

the induced singularity in the

Hitchin systemisf- dz + . .
.

re Nil potent orbit : Opv
Example ly = suck ) pr - pt

so p
= o < =) lit ]

# pv - K

An interesting paper of Chacaltaudistlerhadhikawa
generalizes this statement to the claim that p→pu

is known in Lie
group theory as the

"

Spalter stein map .

"

The defeatedhas a global symmetry

with Lie algebra ¥5



UPSHOTLY
The general

class S theory is then

Sty ,
C ,D]

T - Lie algebra with all roots 2.2

C - punctured Riemann surface

D -
collection of defects @ punches

For suitable defeats D the theories are

super
conformal ( in FOXR dimensions )

( explain
and have a manifold of couplings for math 's

Mg ,d
= complex stndues

QMYIIBP)
surface with labelled
punctures .

Eaeh detect contributes to global
Symmetry of 4D theory and

Qt ¥
.

a Global symm$[ey,
GD ] )

-

might be larger



3
.

Gaiotto Gluing
me

Consider

a weak coupling limit where

the UV cure C degenerates

÷€←€E÷
Describe this by a

divisor & C Mgn

A description of the divisor is via the

plumbing construction i

€E&a
•I€

Zz

Identify ZiZz=q

of
a L coordinate to I

.



There is an elegant description of the

class S
'

theories in the limit q→o
due to D. Gaito

.

'

. We consider

Class S theories associated to Qadcz

With an extra puncture at Z
,

and Zz

with full SUCK ) global symmetry
So the 4d theory

S[ ey ,
C

, ,D,u{ Dai }]xSµy,
ca ,Dzu{A*B|

has a global symmetry
SUCK ) to Suck ) to . .

-
.

Now we gauge the diagonal soaping
of the first two sommands duith

gauge parameter

of
= e

2h
'

z

Clai÷ This is the limiting class S - theory



In this
way

one can reduce the

theory to a pants decomposition :

Of = VM for Lie algebra.ly

⇐ 0 =

"

tvinion theory
"

with

eyoeyoey
global symmetry

For
ey = su (2) the theory is a

collection of hypermultipkts in the

20  202

representation .

Otherwise
,

somewhat

mysterious - related town algebras in

the AGT correspondence .



Different triniou decompositions

Correspond to different week

coupling limits of the theory
and are related by S - duality.

The simplest case is an
old

observation about the geometrical
interpretation of S - duality of N=4SgM

UCK

)ko)/mh3×s'
pnxskz

Sk
, / \uskz

5D SYM for UCK )

5DSYMforU#on th "3xSkz on M
' ' ' xsk

,

skit lush ,

4D SYM for UCK )

4DS4MfrU#
on M

"B
,

with e- = i Rt out
" '

with
Ri t.IR/Rz
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.

Other Defeat
"

Operators
"

The Cho) also has a class of

2 - dimensional detect "
operators .

"

In the M - theory construction

they are associated with semi
-

infinite

MZ - branes ending on the 145

→U5

* - .1
-

In the class S context there

are then a number of Things we

Can do :



Embedding d=4 Field Theory
&
,

O ) defeotdim
. in it '3xC Interpretation

÷x { z } surface defects*mII⇒¥IT÷Ill±kBH
4 Ll

,
xp domain wall

÷
x C modifies$=

We will focus on $
,

and LCP )

later when describing spectral networks
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.

BPS States : General Remarks

mm

The term "
Bps States

"
is used in  physical

mathematics in
many

different ways .

Often it has something to do with

- salitons
- magnetic monopoles

- holomonphic curves

- Coherent sheaves and for SPLAG 's afflatus
- objects in an Aa category

But in physics it ultimately means a

"

state's
i.e. a positive trace class

operator p on a

Hilbert space with Tr ( p ) =\
.

It is

Always
a

pure
state so p - Rank one projector.

p= 147<41 and 4 E Ll is in an

imed
. rep. of Poincare '

group ,
an induced

rep.
for So (d) → Point,d ) with m3o

what is the relation ?

Correspondence Principle
.



I will explain with a little digression
on BPS solitons in N= ( 2,2 ) field

theory in HI dimensions
.

& : M
" '

- It - TR

TH ) = Corn )
'

or more generally
a potential

l÷Wa
+

H= fadxtrottuq) ) < •

induces topology on C(R→X- )
Connected components are determined

by 4 boundary conditions

¢q _s element of { ¢+
, ¢ }

x→± .



Phase
space P = l±B

and we separately quantize
the

4 Connected
components .

If x= ( ¢ . ,$+ ) then the

field looks lite

.⇐Jolt
energy density for minimal energy
field config .

with these be's is

*
⇒ soliton - behaves like a particle .



Now in free field theory there are

"

coherent states
"

- quantum
states that

Correspond to well -
defined classical field

Configurations for £→o .

Harmonic Oscillator ze Phasesspaee =
PP

YE = e- k#2@zat1o >

compute < 4,1 Pal 4h >

< 4=1 ga 14 .
>

find § just like in classical

mechanics
.

In weekly coupled field theory
to a classical field config . otsacx)

we try to construct a state 14¢,D

sot4%19*1401.D=¢soe "



In general there can be important

quantum
corrections to this story - for

example,
even computing the exact

energy
of a coherent eigenstate of

the Hamiltonian 14µs ,
) is in general

out of reach
.

However in field theories with

extendedsopersymmetrywe can do better
.

SI { Q
,

Qt }= H

Extendedly { Qi
,

at 's }= 8
;

's
H

i ,j= 1

,
- - .

,
N

But now { Qi
, Qj } to is possible

e.g. for N=2 {Q*
,

Q
,
}= Z

EZ, # ]=o
is a consistent Susy operator algebra



It turns out that in these theories
,

when we quantize P=ll=P<
the £

operator
becomes a scalar that

just depends an the component ×

{ Q
, ,Q . } = EI

In our solitm case a ÷ ordered pain
of classical

Vacua ¢±

More generally x is typically a

Chern class or an element of a Kitbag
lattice

.

write Ze = ei9Za|
When working out the induced rep

±

of the super . Poincare
'

algebra you filrst

quantize the Clifford algebra :



.

{ Qi
,

Qtj } - di ! Al

{ Qi
,

Qz }= Za

Diagonal ize the quadratic
form

.

Qa = Q
,

- eianast
Qz = Q

,
+ Eick qt

{ Qa
,
QI } = 2 H- Hnl ) ⇒ M¥121

[ Bug . - Iyayi
bond )

{ Qa
,
Q.tl = 24+121 )

M > IZ 1 ⇒ minimal Clifford ep=¢"Q¢ "

14=12×1 ⇒
minimal Clifford rep. ¢ 'll

Unitarily =) Q±=Q±t=o in rep1

Det flaps :{ Y / H4=lz it }



It
,

Za are functions of parameters

( such as we B in the Coulomb brook )

In order to Count BPS states in a

stable
way

introduce an operator ( "

ohagdy

so that

[qQIi=Q 's

Tn×8= {
ttxp long ape

' "Qe " /

Hx short rep.

da,l←,tre ) = {
°

,

dtn ×9at,¥e× =
R⇐ )

"

Counts
"

BPS states
.



6. A Zoo Of Class SBPS States
Nn

In Class S with defects there one

Several kinds of BPS states relevant

to our story .

• 4d BPS particles
< → Vefe = electromagnetic change lattice

( subquotient of ) It
, CE

, 2)
Za= §I
slj ;u ) piecewise constant in U

Solisfies KSWCF

• 4d Framed BPS States
.

Defined in presence of line defect KPS)

( S = phase used in defining the line defeat't)

|Rt
BPS

#.#÷f*"
" es can bind

.



LE M = torso for P

[2 ( qs ;
. ) : R → Z

Satisfies a simpler WCF ( ⇒ KSWCF )
Used in Darboux expansion of ven 's

< Llp ,sD=E.zI( as .by ,

• Canonical Surface Defect Salton

Degenerates
•

ZitI }p5¥esVacua for

T $z
C

=
Z  → $z

FFZZ) = { tech ,z)| anditz
2 ~ oh +2 or

PC ZZ ) =

¥ Ffziz ) ac



Difference of critical

Za = § T ~ values ofsuperpotentid
2

Degeneracies µx ) = Tr FEIF
La

in theory of surface detect .

• Framed Degenerates For Interface
$z : HID theory whose couplings

depend on Z
.Imagine

varying couplings with the

ID spatial variable :

it

a ¥4 .%
2

ZK )
Z , -)Zz



)

Zcx ) describes a ¥th in C

At long distance we have a line detect

inside the surface defeat

$z#$zz
and we have analogs of framed BPS

State
- Pta, ZD = ¥ ,

Fat, ,Z . )

Fag ( a ,zD={ sec
,

CE,z)|aaiitzz
G ~ [ +2 T

Za - SI ; Icp , § . ) → z



7. Semiclassical Description
.

There are

many ways
to define the

BPS degeneraeies .
One nice way applies

to Lagrangian D= 4 N= 2 theories
.

So
,

these are defined by the data :

G - Compact ss
.

Lie
group

R - quaternion ic representation

We need to work
"

at infinity
"

in B

in regions corresponding to weak Coupling

( Recall Rbriu ) is piecewise constant
,

jumping only on read cod
. I walls of

Marginal stability . )

In these regions we have a canonical

duality frame "

p ± Tmgo Tee
.

Tmg ±
^ coahaoaeterk )

Tee I Aweigh (G)



D= Vmo Vee

Jm = magnetic change ,determines a

magnetic monopole
moduli space

Mmgma.

( Vm
,

Xa ) = {

F=*A1aR3

}

Xa = Retta ) et

asymptotic
Higgs her

.

we have to write

Mmagmon =
Rix R×Mstong.#

z

leading to a lot of technical headaches

Now R determines ( via a universal

construction ) a hyperhalomaphic bundle

Eye → Mmag
.

mon

.



We then consider the Dirac operator

D/ coupled to Er → Mmagmon .

( Actually ,
it is not exactly the D

.

0
.

Rather we

add Clifford malt . by a hyper halo
.

vf
.

determined by Yaish
, )

Suitably separating out the center

of mass
,

the Hilbert space
of

BPS states with magnetic Charge ku

is just

Keye B = {
Bps states with

/ t.ro *
|

Mstmeewt
.

Now T a G has a hyper .
halo

action on Ul
strong ,

at
.

,
lifts to SQER

and Commutes with the Dime operator
the isotypical He Aw ,G ) space gives

aspen ± Herein
"



This space
is oil a representation

of the rotation  action SVK ) on 1213

a:( Kok ) =

Tagspksore

fi )3B

There is a very
similar description

of framed BPS degenerates # using
singular monopoles.  -

See my papers
with

D- ban den Bleeken

D- Brennan

A- Royston
for more details

.


